Abstract. Although quantum degenerate gases of neutral atoms have shown remarkable progress in the study of many body quantum physics, condensed matter physics, precision measurements, and quantum information processing, experimental progress is needed in order to reach their full potential in these fields. More complex spatial geometries as well as novel methods for engineering interesting interactions are needed. Here we demonstrate a novel experimental platform for the realization of quantum degenerate gases with a wide range of tuneability in the spatial geometries experienced by the atoms and with the possibility of non-trivial long-range interactions both within and between multiple 87 Rb Bose-Einstein condensates (BECs). We explore the use of a large mode-volume bow-tie ring cavity resonant at two wavelengths, λ=1560 and 780 nm, for the creation of multiple BECs within a Malleable optical trap which also possesses the ability of photon-mediated long-range interactions. By exciting diverse transverse modes at 1560 nm, we can realize many optical trapping geometries which can open the door to spatial quantum state engineering with cavity-coupled BECs. As representative examples we realize a BEC in the fundamental TEM 00 and a double BEC in the TEM 01 mode of the cavity. By controlling the power between the fundamental and the higher transverse cavity mode, splitting and merging of cold thermal atomic ensemble is shown as well as the potential of creating more complex trapping geometries such as uniform potentials. Due to the double resonance of the cavity, we can envision a quantum network of BECs coupled via cavity-mediated interactions in non-trivial geometries.
Introduction
In the past fifteen years, many phenomena of long-standing interest in condensedmatter physics have been realized in ultra-cold atomic settings [1] , providing considerable advantages compared to condensed-matter systems: ultra-cold atomic systems are highly controllable, well isolated from environment and governed by thoroughly understood tunable Hamiltonians (e.g., Feshbach tuning of interaction strength [2] , optical lattice depth [3] , etc. are governed by quantities easy to alter such as magnetic fields and laser intensities, respectively). The high degree of control and tuneability afforded by optical potentials has made it possible both to explore phenomena in a simpler setting than is typical in condensed matter and to address hitherto experimentally inaccessible questions, such as the dynamics of ordering in systems that are quenched past a quantum critical point [4] , the physics of electrons propagating through static lattices [5] , the construction of novel quantum fluids [6, 7] and of nonequilibrium phase transitions [8] .
However, many geometries of great interest in condensed matter physics are difficult either to realize or to load and cool atoms into, e.g. uniform potentials [9] , Josephson double wells, as well as dynamical time varying potentials such as multiport atomic beamsplitters [10, 11] . Creating more complex spatial geometries usually involves multiplexing multiple optical beams alongside advanced beam shaping technology, like spatial-light modulators [9] or two-dimensional spatial modulation schemes with acousto-optic modulators (AOMs) [12] involving fast switching and a high degree of experimental control. Here we propose a simpler, more robust scheme to engineer high power optical potentials with easily controllable spatial properties which builds on the platform of many-body Cavity QED, relying on linear combinations of transverse spatial modes of a bow-tie cavity to trap atoms in desired potential geometries. In principle, optical potentials of any even powered spatial profile or combinations of even powered spatial profiles can be realized. Moreover, atoms can be adiabatically transported from one trapping geometry to another. We refer to these types of potentials as Malleable optical potentials and we show how they allow the preparation of ultra-cold atoms with high phase-space density in unique trapping geometries.
In this article, we experimentally realize Malleable optical potentials for BECs, and also show the potential of creating multiple independent condensates coupled by a common cavity mode, which can be used to engineer controllable interactions between the condensates [13, 14] or their spin components [15] . We first describe our experimental platform, a dual-frequency traveling wave cavity, focusing on the ability to create an array of multiple BECs using higher transverse spatial modes of the cavity [16] , and characterize the single and double BECs that have been created. Then we describe how this system can be used to create arbitrary potential geometries, focusing on two specific realizations: 1) a quantum beam-splitter for BECs and 2) a uniform potential. A more detailed description of our setup is included in the appendix. We will finally discuss various schemes to engineer long-range interactions between the different condensates. Figure 1 : Our bow-tie cavity has multiple input/output ports available to independently couple and excite different transverse cavity modes. By locking the main 1560 nm beam to the cavity and using fiber beam splitters and fiber AOMs we can create multiple input channels each of which can be frequency tuned to the relevant spatial mode that we wish to excite via the multiple input/output ports (see Fig. 7 for frequency shift values). An additional spatial phase mask (PM) is used to increase the coupling to higher transverse modes.
Malleable Optical Potentials created in a Cavity
The heart of the experiment is a large-volume optical bow-tie cavity, simultaneously resonant at both 1560 nm and 780 nm. The large-volume allows us to create a magneto-optical trap (MOT) and evaporate multiple BECs directly in the center of the cavity, thereby bypassing the need for complex atom transport schemes. Due to the multiple input/output ports afforded by our bow-tie cavity configuration and the non-degeneracy between the TEM modes, we can simultaneously and selectively excite multiple TEM modes of the cavity, allowing the creation of more complex trapping geometries in one-, two-, and three-dimensions. This offers several advantages: 1) good spatial mode quality of the trapping potential as the cavity serves as a spatial filter, 2) high trapping potentials due to the build-up in intra-cavity power, 3) good relative alignment and minimal positional noise of optical modes (reducing heating) due to the cavity structure, and 4) trapping geometries can be easily changed adiabatically, transporting atoms from one geometry to another.
The cavity resonance at 1560 nm allows the production of a deep far-offresonance optical trap (FORT) for our atoms using a low-power laser source via cavity enhancement of light inside the resonator. The presence of the resonance at 780 nm opens up the possibility to enhance atom-light interactions with the goal of improving the efficiency of non-demolition measurements in measurement-andcorrection schemes [17, 18] . In addition, the expected linewidth at 780 nm of our large-volume cavity is of the order of the single-photon recoil shift, opening the door to cavity-assisted cooling [19, 20] and the creation and manipulation of momentum entangled states [21, 22, 23, 24] .
Cavity Mode Structure
The electric fields inside our cavity can be naturally decomposed into the orthonormal Hermite-Gaussian modes [25] . For the beam propagating along the x axis (see Fig.  1 ), and with the origin at the center of the configurations one obtains:
where H n (x) is the Hermite polynomial with the non-negative integer n. The indices m and n determine the shape of the profile in the y and z direction, respectively. The quantities w and R evolve in the direction of propogation (x).
For a standard two-mirrors non-degenerate optical cavity, two transverse modes, TEM mn and TEM lk , given by m + n = l + k are non-degenerate, whereas the modes given by m + n = l + k are degenerate. However, due to the folded nature of our cavity, reflections on the plane of the cavity occur off-axis on the mirrors, leading to an astigmatism between the horizontal and vertical modes, with the result that all modes are non-degenerate. Therefor we can independently excite any transverse mode (or linear combination of transverse modes) by frequency and spatial matching of the input beams to the desired modes (Fig. 7) .
As mentioned in Appendix A, all 1560 nm light originates from one laser. Using fiber beamsplitters, a small portion is taken and amplified to 3 W to form the TEM 00 injection beam. This laser is locked to the cavity via the Pound-Drever-Hall method [26] . The light coming from the other ports of the the fiber beam-splitters may be used to excite higher order transverse modes by frequency shifting them via AOMs with respect to the TEM 00 beam by the relevant amount, and shaping their phase profile by means of a phase mask to improve the coupling efficiency. These beams can be amplified and injected through the multiple input ports of the cavity. In addition, the AOMs can be used to control the power of each mode. We can thus realize a linear combination of excited modes:
where β ij is given by the power in each mode. Due to the complete transverse non-degeneracy of the cavity and the orthogonality of the different Hermite-Gaussian modes (see Appendix B), the intensity can be written as
The β mn terms can be modulated as fast as the cavity linewidth and the control AOMs permit, allowing us to perform fast quenches of the trapping potentials which can be used to study out-of-equilibrium quenched quantum systems [27] and also allow us to implement atom optics manipulation tools for condensed samples (see Sec. 2.3).
It should be noted that in principle at the crossing region of the cavity, a single mode in the different arms may interfere with itself to form a standing wave. We eliminate this possibility by injecting the cavity with laser polarization that is in the plane of the cavity, i.e. horizontal. Thus in the crossing region, the two orthogonal arms meet with orthogonal polarizations, thus avoiding interference patterns.
Towards a Quantum Network of BECs
The cavity in our setup provides the possibility to create arrays of BECs in a line, a plane or a 3 dimensional geometry due to the feasibility of exciting higher order transverse cavity modes. A particular transverse mode TEM m,n corresponds to (m + 1)
2 × (n + 1) trapping regions at the cavity crossing point [28] . The availability of the multiple input-output ports results in an additional advantage for the folded configuration of the cavity. The simultaneous excitation of two modes, by injecting appropriately frequency and phase matched beams allows the transfer, splitting and recombination of atoms between two different trapping configurations. First we present the creation of BECs for two specific cases, cavity injected with the TEM 00 and TEM 01 modes, which are the single and the double well trapping configuration. Then we will discuss the capabilities of transferring atoms from the TEM 00 , where established techniques of evaporative cooling afford efficient cooling to BEC, to a number of various more interesting optical trapping geometries where evaporative cooling may be less efficient (i.e. see Sec. 2.4 on uniform potentials).
BEC in TEM 00 mode An in-depth description of our experimental setup for cooling and trapping atoms at the cavity center using a 2D/3D MOT setup can be found in Appendix A. At the end of the loading sequence, about 2×10 6 atoms can be found loaded into the far-off-resonance optical trap (FORT) created in the cavity crossing region (see Fig. 2 Left Inset). After thermalization, the sample temperature is 200 µK, leading to a temperature to trap depth ratio of k B T/U 0 ∼ 1/6. Due to strong one-body losses lifetime of trapped atoms is limited to 6.6 s. The transition temperature of the BEC is 180 nK which is achieved by forced evaporative cooling of the trapped thermal ensemble in the intra-cavity FORT. During the entire MOT and evaporation process, a tightly focused 1560 nm dimple beam with waist w 0 ∼ 23 µm, radial and axial frequencies ω r ∼ 2π × 3 kHz and ω ⊥ ∼ 2π × 50 Hz, is used in the vertical direction, intersecting the center of the crossed optical dipole trap but focused slightly above. The stagnation of forced evaporation near the end of the ramp, as a result of the reduction in trap frequencies during the lowering of the optical trap, requires the dimple to enhance the scattering cross-section at the end of the evaporation process by increasing the trapping frequencies along the plane of the cavity (the vertical axis is weakly affected by the dimple) [29] . The dimple has an added advantage of allowing us to compensate for the effect of the linear slope of gravity (see below). After thermalization of the atoms in the FORT, the intra-cavity trapping power is adiabatically weakened following the empirically optimized form of U c (1 + t/τ ) −β with τ =180 ms, 1.4 < β < 1.8 for a duration of around 3.2 s to produce a BEC of 3×10 4 atoms in TEM 00 . The phase space density at this stage is > 2.7 with the peak atomic density n 0 ∼ 6 × 10 13 atoms/cm 3 . Fig. 2 (left panel) shows the vertical profile of the optical density integrated along the horizontal direction (red squares); the data are fitted with a Thomas-Fermi model (blue line) and show 52% of the atoms in the condensed fraction. The absorption image is taken 8 ms after releasing the atoms from the trap (with trapping frequency ω ∼ 2π × 200 Hz). A sharp parabolic feature on the top of the broad Gaussian profile exhibits the degenerate nature of the ultra-cold gas.
Double BEC in TEM 01 mode If the entire procedure is repeated but with the TEM 01 mode of the cavity injected, the crossing region will consist of the intersection of the TEM 01 mode with itself, leading to two trapping regions vertically separated (see Fig. 2 
Right Inset). In this manner two BECs each with 2×10
4 were obtained. The intra-cavity power will now be shared between two crossing points, whereas the single dimple beam is aligned to cross both trapping regions; this configuration leads to the same trap frequencies in the plane of the cavity with respect to the case of the TEM 00 mode (see Fig.2 ). the condensed fractions in the lower and upper clouds are 27% and 29% respectively. The BECs obtained both in the TEM 00 mode and in the TEM 01 one present a spatial displacement between the center of the condensed and the thermal fraction, which results from the anharmonicity of the trapping potential [30, 31] .
The population ratio of the BECs can be controlled by applying a vertical magnetic field bias during the MOT loading phase, leading to a different loading efficiency of the thermal atoms into each individual well (see Fig. 3 ). For a certain range of bias field one can have BECs with an equal number of condensed atoms in both the traps.
As the different trapping wells are loaded from the MOT independently, the resultant BECs are independent, however they exist within the same cavity, and could then be coherently coupled via a common cavity mode. The cavity resonance at 780 nm could be exploited to perform coherent operations between the BECs.
Role of the Dimple The dimple beam plays a vital role to obtain the BEC both in the TEM 00 mode and in the TEM 01 one, by increasing the trapping frequency and the collision rate between the atoms during the end of the evaporation process in the plane of the cavity (vertical frequencies are weakly effected by the dimple). However, the dimple has an additional, subtle but important effect again at the end of the evaporation stage. The linear gravitational potential effectively decreases the trap depth in the vertical direction. We displace the focus of the dimple vertically from the cavity center, to where the atoms feel a linear potential due to the intensity reduction away from the focus. This linear potential arising from the displaced dimple beam serves to reduce the linear potential due gravity. By controlling the power of the dimple, we can vary the effective linear potential seen by the atoms, even canceling the effect of gravity [32] with enough power (see Fig. 4 (inset)). By partially canceling this linear potential via the dimple beam, we can increase the trap depth and thereby change the number of quantum levels inside our trap. This is evidenced by the condensate fraction at the end of the evaporation sequence with respect to dimple power (see Fig. 4 ). With a dimple power of 150 mW, we arrive at a trapping condition which allows at most one quantum level in the trap, and therefore a large condensate fraction but low overall atom numbers due to the small trap depth. By increasing the dimple power, we can increase the number of quantum levels for the atoms to occupy, increasing the number of atoms due to the larger trap depth but decreasing the condensate fraction as these atoms have more states to distribute themselves into. : Condensate fraction N c /N and total atom number N as a function of dimple beam power P dimple for a given evaporation ramp. Each experimental point is the average over 3 repetitions. The dimple is vertically offset to where varying the dimple power will not effect the curvature of the resultant trap (and therefore the number of bound states of the trap) but the vertical potential on the wings of the dimple can counteract the linear effect of gravity, thus creating a combined potential that is deeper (and thus has more bound states as plotted on the top vertical axis of the graph). With a dimple power of 150 mW, our combined trapping potential supports one bound state, and therefore we see the formation of a large condensate, but with low atom numbers. Increasing the dimple power reduces the linear effect of gravity, as shown in the inset for different dimple power (P dimple = 0 (black), P dimple = 1.32 W (red), P dimple = 2.64 W (blue) and P dimple = 4 W (violet); w 0 indicates the vertical waist of the cavity). In this way we can increase the number of available bound states for the atoms, thus reducing the condensate fraction but also increasing the number of total atoms as our trap depth is larger. Note, the axis designating the number of bound states is not linear as the dependence of the number of bound states on the dimple power is not linear. Figure 5 : Splitting of a single cold thermal ensemble trapped in the TEM 00 mode to four cold ensembles in the TEM 10 mode of the cavity (left to middle panels) and the reverse process of recombination (middle to right panels) by controlling the relative intensity between the two modes. The ensemble temperature in the TEM 00 mode is 1 µK before splitting and 2 µK after it. The atoms at the center of the configuration in the middle panel are due to the residual power on the TEM 00 , which is required to maintain the trapping laser locked to the resonator. 
Coherent Splitting of Ultra-cold atoms
Since the first experimental realization of BEC in weakly interacting atomic systems, many fundamental experiments with BEC's have been performed. One of the more interesting prospects for BECs is their application as a source of coherent matter waves, e.g., in atom optics, atom interferometry, and quantum sensors. The application of coherent matter waves in phase sensitive experiments, like interferometers, necessitates the realization of coherent splitting of a BEC into a double-well, equivalent to an optical beam splitter.
The most prominent matter-wave beam splitters are constructed by using either optical potentials [34, 35, 36] or rf-dressed potentials on an atom chip [37, 38] . Rf-dressed potentials on atom chips have shown promising results but suffer from three problems with respect to optical configurations: 1) magnetic fields can not be modulated quickly, 2) spurious effects due to switching of the magnetic fields, and 3) undesirable effects of the magnetic fields on the atomic transitions. Optical potentials bypass these problems, allowing for faster manipulation without spurious magnetic effects but are complex, requiring multiple carefully aligned beams in conjunction with advanced optics, such as spatial-light modulators and require high power to effectively confine the atoms. As our method is all-optical, it avoids the problems with rf-dressed potentials and as the cavity structure is used to create different spatial configurations, allows a simple optical arrangement with lower input power due to cavity build-up effects.
To perform the beam-splitting operation, we first create and load atoms in the TEM 00 mode as described in Sec. 2.2. After creating atoms with a temperature of 1 µK, we adiabatically excite the TEM 10 mode with an input laser beam detuned by 78.9 MHz from the beam exciting the fundamental mode and phase matched (with a phase mask) to achieve optimal coupling. At the same time we ramp down the power on the TEM 00 mode. The total power in the cavity will be given by E tot (t) = α(t)E 00 + β(t)E 10
By adiabatically acting on β and α, we can coherently evolve the atoms into a double well potential -see Fig. 6 (top left and right, bottom left). A major advantage of our cavity beam-splitter scheme is that during the entire process, odd-powered potential components are suppressed by the cavity mode structure; this is important as a necessary, but not sufficient, condition for achieving coherent beam-splitting operations. Odd-powered spatial geometries during the splitting phase mix centerof-mass and internal relative degrees of freedom, leading to mixing of internal modes, causing both decoherence and eventually heating [39, 40, 41] . This is a potential limitation to RF and magnetic schemes [37, 38] and to optical schemes involving beam-shaping elements [9] . We can thus increase the intensity of the TEM 10 injected light from 0 to maximum power in 60 ms, while decreasing the intensity of TEM 00 , to split the atomic ensemble frequency (GHz) For a uniform 2D potential, TEM m0 modes (vertical column on left) can be utilized whereas for a 3D uniform potential, TEM jj modes (diagonal) are excited. 1D uniform potentials in the vertical direction can also be created using the TEM 0n modes (horizontal row on top), but the linear potential due to gravity needs to be canceled, which can be accomplished by acting on the power of the dimple beam (see text). The same requirement holds for the 3D case.
into four trapped ensembles. A small amount of TEM 00 must always be present as this mode provides the laser lock to the cavity for all cavity injected laser beams. Fig. 5 (left and middle panel) shows atoms trapped in TEM 00 and TEM 10 , before and after the splitting process. We can also perform recombination by linearly decreasing the intensity of the TEM 10 beam from maximum power to 0 W and increasing that of the TEM 00 beam in 40 ms, combining the four ensembles back into the single well. The overall efficiency of the process in terms of atom transfer is greater than 95%. The splitting and recombination process introduces a factor 2 increase in the temperature. We plan to implement an optimized ramp based on optimal control theory [42, 43, 44] to obtain the coherent splitting and recombination of a BEC using the cavity modes.
Bose-Einstein Condensates in uniform potentials
New experimental tools such as Feshbach interaction resonances [2] , optical lattices [3] , and synthetic gauge fields [45] , are making ultra-cold atomic systems ideal platforms for resolving open questions in condensed matter physics [1] . However, a non-trivial and important difference between many condensed matter systems and ultra-cold gases is that the former experience spatially uniform potentials whereas the latter are traditionally produced in harmonic traps with no translational symmetries. Nonetheless, uniform-system properties can still be extracted from a harmonically trapped sample using two methods: the local density approximation [46, 47, 48, 49, 50] , and spatially selective probing of small portions of the ensemble [50, 51, 52] . Unfortunately in certain situations, usually associated with diverging correlation lengths, these local approaches are not satisfying [53, 54] . In addition, uniform potentials can help in the study of equilibrium systems of strongly interacting, unitary Bose gases as a BEC in a uniform potential possess a significantly lower density than a harmonically trapped one [9] , reducing three-body recombination near a Feshbach resonance compared to two-body interactions [55, 56] . A Bose-condensed sample in a homogeneous potential has been proposed for a new type of gravitational wave detector, based on the observation of the phonons created by a passing space-time perturbation [57] . Therefor direct observation a spatially uniform quantum-degenerate gas would allow significant advances. For the most part, efforts in this direction have been focused on loading atomic BECs into elongated [12] or toroidal [58] traps which can be uniform along one direction, while still harmonic along the other two directions. Recently a scheme has been implemented to produce BECs in almost uniform like potentials [9] using a combination of three crossed blue-detuned laser beams phase imprinted via spatial light modulators. Although very impressive, this method is rather complex requiring precise positioning of the beams along with stable operation of the spatial light modulator and high optical power. In addition, creating BECs directly in a uniform potential posses problems in the evaporation stage as the densities and collisional rates are smaller, reducing evaporation efficiency.
We propose an alternate method of creating a BEC in an almost uniform potential (1D, 2D and 3D) , which can open new avenues of research in condensed matter physics. Extending the principles set forth in Sec. 2.3, we propose simultaneously exciting multiple modes of our cavity, controlling the relative intensities of the individually excited modes to approach a uniform condition. By once again making use of the multiple input/output ports of our cavity, we can easily excite up to eight modes of the cavity. By creating a linear combination of the different modes, we can arrive at an almost uniform potential. This scheme offers four potential advantages to the scheme of Ref. [9] : 1) the structure of the cavity ensures relative alignment of the different modes; 2) the cavity build-up allows the creation of high optical potentials with low input power; 3) the TEM modes of the cavity ensures optimal spatial mode quality of trap; 4) the ease of adiabatic transfer (as shown in Sec. 2.3) allows us to create the BEC in the TEM 00 mode, possessing higher trap densities thus allowing efficient evaporation, then transferring the atoms into the uniform potential. Uniform potentials in 1D, 2D and 3D can be realized depending on the modes excited.
The relative intensities of the individually excited modes can be estimated analytically. The progressive addition of each high order mode adds a spatial contour of x 2 : so with only the TEM 00 mode, we have a maximum spatial contour ∝ x 2 , with both TEM 00 and TEM 01 we have a maximum spatial contour ∝ x 4 , and so on. The homogeneous potential is obtained by requiring that the total intensity of the n cavity modes used:
meets the following conditions at the trap center,
where U 0 is the desired trap depth, we can arrive at almost uniform like potentials with a flat trap bottom across the center and sharp boundary walls defined by the maximum spatial contour (see Table 1 ). The last equality is valid along all the directions x i where a homogeneous potential is sought for. In principle, the optimization only needs to be done in one of the dimensions, x i , as the cavity structure ensures the same geometry in the others. Fig. 6 (bottom right) shows how the addition of high transverse modes of the cavity in the linear combination allows us to approach the uniform condition. Table 1 gives the relevant terms in the linear superposition given by the constraints in Eq. 6. As noted in Eq. 5 and in Fig. 7 , 1D, 2D and 3D uniform potentials can be created; however, in the 1D and 3D cases (TEM 0j and TEM jj modes respectively), the effect of the linear potential of gravity along the vertical direction needs to be offset, which can be easily achieved using the dimple beam (Sec. 2.2).
Conclusion and future prospects
We have demonstrated the production of multiple 87 Rb BECs directly in the cavity modes. The total optical power required from the 1560 nm laser was 3 W. In the optical double well configuration we could control the BEC fraction in either of the wells by a bias magnetic field during loading process of the FORT. Also, the use of a dimple allows us to cancel the effect of gravity. Our experimental apparatus can allow us to study a wide range of phenomena which are difficult to realize in standard BEC experiments.
Multiple BEC cavity QED Some recent theoretical proposals have suggested promising schemes for the generation of entanglement of spatially separated BECs confined in a high finesse optical cavity [59, 13, 60] . Cavity assisted entanglement generation is useful for quantum information processing [61] . Our scheme allows us to create a BEC in a standard optical potential then adiabatically split this BEC into four BECs using the cavity resonance at 1560 nm; each of these BECs is coupled to the same optical cavity mode. This shared optical cavity mode can be used to create interactions between the BECs.
Atom interferometry This proof of principle demonstration of the splitting and the merging of atomic clouds can allow us to realize trapped atomic interferometers of a higher quality than what is currently available. We would like to use this setup to study interferometry of multiple condensates [62, 63] . After the coherent splitting into two or more four BECs, one could implement independent engineering of the phase of each individual BEC before recombining, with the aim of studying quantum turbulence [64, 65] and vortex formation during the recombination/interference phase [63] .
Strongly interacting bosons in a uniform potential By changing the atomic isotope from 87 Rb to 85 Rb, we propose to generate condensates of 85 Rb in our TEM 00 cavity mode [66] . After an adiabatic transfer into the almost uniform potential and making use of the readily available Feshbach resonance [67] , the physics of a strongly interacting, unitary Bose gas [55, 56] can be studied without the need for local approximations.
Appendix A. Experimental set-up
Bow-tie cavity The bow-tie cavity [68] (Fig. A1 ) comprises four mirrors mounted on a titanium structure to provide mechanical stability and minimize magnetic eddy currents. Due to the square geometry (90 mm × 90 mm) the two arms of the cavity cross in the center with a relative angle of 90
• , which combined with the polarization being set in the cavity plane (horizontal) avoids interference patterns in the crossing region. The radius of curvature of all four plano-concave mirrors is R=100 mm yielding cavity waists for the TEM 00 mode of w =81 µm and w ⊥ =128 µm (due to the inherent astigmatism as discussed in Sec. 2.1). To facilitate coarse alignment of the cavity inside the vacuum chamber, one of the mirrors is mounted on a piezoelectric actuator (Newfocus Picomotors), while another is mounted on a piezo-actuated threeaxis nano-positioning system (Mad City Labs M3Z) which is used to finely adjust the cavity crossing angle and dynamically control the cavity length (it possesses a maximal angular displacement of 2 mrad and a translation of 50 µm). The free spectral range (FSR) of the cavity at 1560 nm is 976.2 MHz and the full width at half maximum (FWHM) linewidth is γ=546 kHz. The expected cavity finesse F =102,000 at 780 nm results in a linewidth ∼ 4.88 kHz, opening towards the creation of correlated momentum states using the sub-recoil nature of the cavity [21, 22, 23, 24] .
The folded geometry of our cavity invariably leads to off-axis reflections of the intra-cavity light on the mirrors. This causes the cavity astigmatism, and also gives rise to non-degenerate transverse modes well separated in frequency, e.g. ∼78.9 MHz between the TEM 00 and the TEM 01 modes (Sec. 2.1). This can be exploited to excite multiple transverse modes simultaneously by frequency and spatial matching of different laser beams at the injection ports of the cavity. For example, a pump laser can be locked to the TEM 00 mode of the cavity (as described below) while a portion of the light can be frequency shifted by 78.9 MHz and injected into the cavity at a different input port to simultaneously excite the TEM 10 cavity mode. The relative intensity of the modes can be controlled by acting on the relative intensity of the beams at the input, whereas the coupling efficiency to each mode can be optimized by using suitable phase masks.
Cavity enhanced FORT To obtain high intra-cavity power to trap neutral atoms directly from a magneto-optical trap (MOT), we use the optical resonator to enhance the 1560 nm input intensity. More precisely, with a cavity coupling efficiency of the TEM 00 mode of 35% (15% for the TEM 01 ) and an incident power of 3 W, an intracavity power of 250 W is obtained, giving a trapping potential with high frequencies in all spatial directions at the cavity crossing: at full power, a trap depth of U 0 =1.4 mK is obtained with trapping frequencies of ω x = ω y ∼ 2π × 1.2 kHz and ω z ∼ 2π × 1.6 kHz when using the TEM 00 mode. Figure A1 : a) A bow-tie ring cavity injected at 1560 nm is used to create the resonator enhanced FORT at the center of the cavity. The beam from the distributed feedback fiber laser (DFB EDFL) is frequency locked to the cavity by PDH locking technique. A fibered EOM is used to create 50 MHz sidebands on the beam. The relative frequency drifts are detected as beat signal on the reflection photodiode PD1. The demodulated signal is used for the feedback through a servo controller (PI). The fast and slow frequency corrections are applied to the AOM and the piezoelectric element of the laser respectively. The signal from transmission photodiode PD2 is used to reference the intensity of light in the cavity center to a stable voltage source using an intensity EOM and a low bandwidth servo controller. A vertical 1560 nm laser beam intersects the cavity center to create a dimple potential profile. The tightly focused dimple beam avoids the stagnation of the evaporation process at the end of the ramp by increasing the collision rate.
The 1560 nm light used to pump the optical cavity is derived from a single longitudinal-mode, distributed-feedback erbium-doped fiber laser (DF-EDFL) near 1560 nm (Koheras laser from NKT Photonics). The laser has a linewidth of the order of a few kHz, an output power of 100 mW single mode, linear polarization and is amplified by a 5 W erbium doped fibered amplifier (EDFA, from Keopsys). The laser is mode matched to the cavity via a beam expander, and locked to a transversal cavity mode using the PDH technique (see Fig. A1 ) where we use an AOM in a double-pass configuration (bandwidth ∼ 250 kHz) to realize the fast-frequency correction. Due to long term temperature variations, an additional low frequency power lock is implemented by stabilizing the light intensity transmitted by the cavity using an amplitude electro-optic modulator (EOM).
Light shift The 1560 nm trapping light is close to the rubidium 5P 3/2 -4D 3/2,5/2 transitions at 1529 nm, resulting in a strong differential light-shift on the two levels of the D 2 transition. At 1560 nm, the scalar polarizability of the 5P 3/2 level is 47.7 times that of the 5S 1/2 level. As a consequence, the operation of the MOT is severely effected. In principle this effect is advantageous as the region enclosed by the 1560 nm cavity light is far detuned from the MOT cooling process and constitutes an effective 'dark' region, mimicking a dark-spot MOT [69, 70] . The expected result is a higher density than normally available for 87 Rb MOTs. However, as we cannot turn the 1560 nm trapping beam off without losing the lock of the laser to the cavity, the differential light-shift poses a problem for subsequent sub-Doppler cooling stages which are required for efficient loading of the laser cooled atoms from the MOT to the FORT; the 'dark' regions will not participate in the sub-Doppler process.
Loading into FORT
87 Rb atoms are loaded and cooled in the center of the cavity via a 2D/3D MOT setup. A two-dimensional MOT provides a source of cold atoms, with a flux of 5 × 10 8 at/s, directly into the cavity crossing region where we not only create our 3D MOT but we can load into our resonator FORT. During the entire MOT stage, the FORT trap depth is reduced to ∼110 µK. The MOT is loaded within 2 s and subsequently a compressed MOT phase (CMOT), realized by detuning the MOT beams to 6Γ from the atomic resonance for 40 ms and decreasing the optical power by a factor 10, increases the atomic density in the FORT region. Afterwards, the cooling beams are further detuned to 43Γ in 3 ms ramp and held for 50 ms. This mimics a sub-Doppler phase whose efficiency is limited by the strong light-shifts due to the 1560 nm beams. The high detuning was in fact chosen to red-detune the light with respect to the atomic transition in the presence of the strong light-shift. Moreover, in the FORT region, the repump light is out of resonance and the atoms are accumulated in the F=1 hyperfine state. Finally, the cooling radiation is turned off and the power in the FORT is ramped up to full power in 10 ms.
At the end of the loading sequence, we are able to load about 2×10 6 atoms at the crossing region of the dipole trap. After a brief period for thermalization, the sample temperature is found to be 200 µK, leading to a temperature to trap depth ratio of k B T/U 0 ∼ 1/6. Due to strong one-body losses lifetime of trapped atoms is limited to 6.6 s.
The measurement of the number of atoms trapped in the optical potential and of the ensemble temperature is obtained with absorption detection, taking care to previously unlock the 1560 nm from the cavity and shifting it from the cavity resonance in order to avoid its light shift effect on the D2 transition adopted for the detection.
Automatic unlocking and re-locking of the trapping radiation is obtained via digital switches on the servo controller, operated synchronously with the experimental sequence.
Injecting Higher Order Cavity Modes All 1560 nm light originates from one laser. Using fiber beamsplitters, a small portion is taken and amplified to 3 W to form the TEM 00 injection beam. The laser is locked to the cavity via the Pound-Drever-Hall method [26] to this mode. The light coming from the other ports of the the fiber beam-splitters may be used to efficiently excite higher order transverse modes by 1) frequency shifting them via AOMs with respect to the TEM 00 beam by the relevant amount (Fig. 7) , and 2) shaping their phase profile by means of a phase mask to improve the coupling efficiency. The phase mask consists of a piece of glass whose thickness varies spatially to approximate the transverse phase profile of the mode of interest. Light going through a thicker region will undergo a larger phase shift than thinner regions. For the case of the TEM 01 mode, the phase mask is simply thicker on the top half of the beam with respect to the bottom half, approximating the transverse phase distribution of that mode, whereas the phase mask of the TEM 10 mode is the same as that of the TEM 01 mode but rotated by 90
• .
Appendix B. Orthogonality of the Cavity Modes
The orthogonality of the E mn modes arises from the orthogonality condition of the Hermite-Gaussian modes:
which are orthogonal when integrated over the entire transverse xy− plane of the cavity. However, atoms experiencing a linear combination of these modes inside the cavity will at any particular time only see the combined electric field of the modes at any one point within the transverse plane, experiencing an instantaneous optical potential rather than one integrated over the entire transverse plane. At first sight Eq. 3 does not provide an accurate description of the optical potentials; it would seem more appropriate to avoid assuming the mode orthogonality and take instead into account all of the cross terms in the calculation of the intensity where we added the e −iωmnt factor as our cavity is non-degenerate, implying that each particular TEM mn mode has a characteristic energy with a corresponding frequency, ω mn . Nonetheless, the condition of orthogonality can be regained by noting that as each mode has a unique frequency, the cross terms in Eq. B.3 will involve terms oscillating in time as cos(∆ω t). The smallest difference in frequency between transverse modes we would like to use is ∼ 7 Mhz (see Fig. 7 ), meaning these cross-terms will quickly average out to zero in the relevant timescale of the atomic dynamics. Therefore Eq. 3 would still be the valid intensity profile seen by the atoms at any point inside the cavity. It is this property which makes our cavity unique as the cavity non-degeneracy allows us to simultaneously inject many transverse modes while avoiding the non-symmetric contributions from the cross-terms of even and odd Hermite-Gaussian modes, so as to create many interesting and complex optical geometries.
